A new generalized cross-property relation is proposed for predicting the relative elastic moduli (Young's modulus, shear modulus, bulk modulus) from the relative conductivities (thermal or electrical) of isotropic porous materials with spheroidal pores. Using this cross-property-relation it is possible to estimate the elastic moduli when the conductivites are known (either from real-world measurements or from numerical calculations on digital microstructures) and vice versa. This generalized cross-property relation contains the case of spherical or isometric pores as a special case, but is sufficiently general to account for the properties of materials with strongly anisometric pores, i.e. randomly orientated prolate and oblate pores, including the extreme cases of pore channels or microcracks. The exponent of this cross-property relation is shown in graphical form and -for future reference with respect to practical applications -its numerical values are listed in tabular form as a function of the pore aspect ratio and the Poisson ratio of the solid.
INTRODUCTION
The prediction of the effective properties of porous materials is a long-standing problem of materials science and is still of broad current interest [1] [2] [3] [4] [5] [6] . From the practical point of view it is often desirable to predict, or at least roughly estimate, the relative property of a porous material, i.e. the non-dimensional ratio of its effective property and the property of the dense solid, based on porosity information alone, i.e. only on the basis of knowing the volume fraction of pores. An exact prediction is possible only for certain special cases, e.g. for the axial component of the (thermal or electrical) conductivity or Young's modulus of certain anisotropic microstructures, namely translationally invariant ones, or for dilute systems with spherical pores, but for most microstructures of practical interest only upper bounds (Voigt bound, upper Wiener bound, upper Hashin-Shtrikman bound) or rough estimates based on model relations are available, e.g. effective medium approximations of the polynomial, power-law or exponential type [7] . In particular, this concerns the practically important case of isotropic porous materials with uniform random microstructures. Even if the microstructures are isotropic, uniform and random, the relative property estimates based on these model relations become rather unreliable as soon as the porosity becomes moderately high and the pore shape deviates from sphericity (even if the shape remains isometric on average, e.g. in the case of concave pores). Even worse is the predictability of relative properties in the case of strongly anisometric pores (including the extreme cases of 1D pore channels and 2D microcracks), even if the microstructure as a whole remains isotropic due to the random orientation of the anisometric pores.
It is clear that a universal prediction of the relative properties of porous materials based on the porosity (i.e. the pore volume fraction) alone does not exist, simply because essential microstructural information is missing and the problem is in this sense ill-posed. However, there are certain pairs of properties for which the relative values are coupled, leading either to inequalities, so-called cross-property bounds (elemental or translational) [1, 6, 8, 9 ], or to cross-property relations (CPRs) in the form of equations [7, [10] [11] [12] [13] . Some of these, e.g. the Levin relation between the effective thermal expansion coefficient and the effective bulk modulus [10] , are valid for arbitrary (isotropic) microstructures, whereas other, e.g. the Sevostianov-Kovacik-Simancik cross-property relation between the Young's modulus and conductivity [11] , are valid only for special microstructures, e.g. the Hashin assemblage [5] , see also [7] . Among the latter, our cross-property relation [14] seems to be the most realistic CPR for predicting the Young's moduli 75 of isotropic porous materials with isometric pores when the conductivity is known and vice versa, because it contrast to all other CPRs it holds both for power-law materials and for exponential materials and thus can be expected to provide good approximations at least for materials which are in between these two. It is a direct consequence of the complete analogy between relations describing the porosity dependence of Young's modulus and conductivity [15] . CPRs of this type are useful e.g. in cases where the sample geometry, or the lack of instrumental equipment or numerical tools, does not allow the determination of one of these properties, while the other can be determined. Moreover, it has been shown that the mere existence of non-trivial cross-property relations of this type indicates that minimum solid area models are not useful [16] . A remarkable recent result, not yet published, is that our original CPR does not hold only for materials with convex pores and foams, but also for materials with concave pores. However, it is clear that our original CPR for isometric pores [14] cannot hold for anisometric pores. Therefore it is the purpose of this paper to derive a generalized version of our CPR that can be used for spheroidal pores of known aspect ratio. Moreover, the generalized CPR presented here does not hold only for the tensile modulus (Young's modulus), but also for other elastic moduli (shear modulus and bulk modulus), even if the Poisson ratio is not close to 0.2.
THEORETICAL
Derivation of the generalized cross-property relation
The derivation of our original cross-property relation (CPR) [14] was based on the proposition that materials that obey either a power-law or an exponential porosity dependence for one property, e.g. thermal or electrical conductivity based on Fourier's law and Ohm's law, respectively, exhibit the same type of porosity dependence also for another property, e.g. Young's modulus. Based on this proposition, our original CPR between the relative Young's modulus and the relative conductivity of isotropic porous materials with spherical or isometric pores can be written as
where E r = E/E 0 and k r = k/k 0 are the non-dimensional ratios of the effective Young's modulus and conductivity, respectively, to their counterparts for the dense solid. This CPR is based on the fact that for spherical pores the numerical coefficients of the single-inclusion solutions for conductivity (Maxwell coefficient) and Young's modulus (Dewey-Mackenzie coefficients [17, 18] ) are 3/2 (exactly) and 2 (to an excellent approximation for solid Poisson ratios in the range 0.1 -0.4 [19] ), respectively. The generalization of this CPR to other elastic moduli is straightforward, taking into account that the Dewey- 
,
.
Numerical values of these coefficients for the tensile, shear and bulk moduli of porous materials with spherical pores are listed e.g. in [19] . For parameterfree predictions of relative properties these coefficients have to be implemented into one of the effective medium approximations, e.g. the power-law relation [20] M r = (1 -ϕ) [M] (5) or our exponential relation [21] ,
where M represents any of the moduli E, G or K. Since completely analogous relations are available for conductivity (thermal or electrical), the generalized CPR for spherical pores (in practice a good approximation also non-spherical isometric pores) is
Also for spheroidal pores, both oblate and prolate, the corresponding single-inclusion solutions are available [22] [23] [24] and have been extensively used [25] [26] [27] [28] [29] [30] . In this case the corresponding coefficients are functions of the pore shape (aspect ratio). In particular, the Maxwell coefficients for the conductivity are given by the relation [31] ,
where for prolate pores (i.e. pores with aspect ratio larger than unity,
while for oblate pores (i.e. pores with aspect ratio smaller than unity, R = c/a < 1)
. (10) Similarly, the Eshelby-Wu coeffcients for the shear and bulk moduli are functions of the aspect ratio (in addition to being functions of the Poisson ratio) [32] , i.e. , (11) 
Ceramics -Silikáty 61 (1) 74-80 (2017) where R = c/a is the aspect ratio of the spheroidal pore and q a function of the aspect ratio, see Equations 9 and 10. The Eshelby-Wu coefficient for the tensile modulus (Young's modulus) is then given by the expression [32] . (13) Figures 1 and 2 show both the Maxwell coefficients for conductivity and the Eshelby-Wu coefficients for the Young's modulus (or any other elastic modulus) in the case that the Poisson ratio (of the solid) is 0.2. It is evident that both coefficients exhibit a minimum value for spherical pore shape and asymptotically approach a limit value for prolate pores (1.667 for the Maxwell coefficient and 2.344 for the Eshelby-Wu coefficient), while for oblate pore shape both exhibit an exponential increase to infinitely high values when the aspect ratio approaches zero. While the Eshelby-Wu coefficients for the Young's modulus do not change very much with the Poisson ratio, those of the other elastic moduli, especially of the bulk modulus, are strongly dependent on the Poisson ratio [32] . Nevertheless, all the aforesaid holds qualitatively also for the other elastic moduli, only the asymptotic limit values for the prolate pores change (from 2.333, 2.667 and 1.667 for the Young's modulus, shear modulus and bulk modulus, respectively, when the Poisson ratio is 0 to 2.200, 1.867 and infinity, respectively, when the Poisson ratio is 0.49999, i.e. approaches 0.5).
Exponents of the generalized cross-property relation in dependence of the pore aspect ratio and solid Poisson ratio 
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unity. This agrees with the requirement that the relative bulk modulus must always be equal or smaller than the relative conductivity, i.e.
(Milton-Torquato cross-property bound/MT bound [8, 9] ). In all cases the CPR exponents are limited from above and below (except for the CPR exponent for the bulk modulus of incompressible materials, which is not defined, and the CPR exponent for the bulk modulus of materials with solid Poisson ratios approaching 0.5, for which the CPR exponent approaches infinity).
All exhibit a minimum value for spherical pore shape (aspect ratio R = 1) and approach finite limit values for extremely oblate and prolate pore shape. Table 2 . Cross-property relation (CPR) exponents for the CPR between conductivity and the shear modulus. Figure 6 and Table 1, so that the CPR exponents can be equal for different Poisson ratios (e.g. for spherical pores in materials with solid Poisson ratios 0.21 or 0.33) and thus the possibility of interpolating between different Poisson ratios is rather limited. However, the CPR exponents are very similar in this region, and thus Table 1 should be sufficient for all cases occurring in practice.
SUMMARY AND CONCLUSION
A new generalized version of our cross-property relation (CPR) between the tensile modulus (Young's modulus) and conductivity (thermal or electrical) of isotropic porous materials with isometric pores has been proposed that extends the applicability of our original CPR to other elastic moduli (shear and bulk modulus) and to randomly oriented anisometric (spheroidal) pores, including their extreme special cases, namely pore channels and microcracks. This new CPR is a handy tool to predict the relative elastic moduli when the relative conductivities are known (or vice versa) for an extremely wide range of different microstructures. Based on calculations of Maxwell coefficients and EshelbyWu coefficients for prolate and oblate spheroids, the values of the CPR exponent are given in graphical and numerical (tabulated) form. Table 3 . Cross-property relation (CPR) exponents for the CPR between conductivity and the bulk modulus. 
